Investigations of chaotic particle transport by drift waves propagating in the edge plasma of tokamaks with poloidal zonal flow are described. For large aspect ratio tokamaks, the influence of radial electric field profiles on convective cells and transport barriers, created by the nonlinear interaction between the poloidal flow and resonant waves, is investigated. For equilibria with edge shear flow, particle transport is seen to be reduced when the electric field shear is reversed. The transport reduction is attributed to the robust invariant tori that occur in nontwist Hamiltonian systems. This mechanism is proposed as an explanation for the transport reduction in Tokamak Chauffage Alfvén Brésilien ͓R. M. O. Galvão et al., Plasma Phys. Controlled Fusion 43, 1181 ͑2001͔͒ for discharges with a biased electrode at the plasma edge.
I. INTRODUCTION
A critical obstacle to improved fusion plasma confinement in tokamaks is the presence of electrostatic turbulence at the plasma edge. [1] [2] [3] This turbulence produces anomalous particle and energy transport at the plasma edge that is much higher than the values predicted by neoclassical transport theory for transport by collisions in toroidal geometry. 3, 4 Electrostatic turbulence is associated with drift waves that propagate in the poloidal direction and are driven by equilibrium radial gradients. 3 Experiments indicate that at the plasma edge the observed anomalous particle transport is mainly caused by the particle E ϫ B drift. [5] [6] [7] Several experiments show that particle transport can be reduced by changing the electric field radial profile at the plasma edge. 8, 9 One experimental procedure to achieve this reduction is the biasing scheme. [8] [9] [10] [11] [12] [13] The effect of electric field biasing observed in several machines in general leads to a strongly varying radial electric field, E r , as a function of radius and a resulting sheared E ϫ B flow, giving rise to improved confinement properties. [14] [15] [16] Moreover, since the discovery of the transition from the low confinement mode ͑L-mode͒ to the high confinement mode ͑H-mode͒, 17 a link between E r and the formation of edge transport barriers in toroidal devices has been experimentally and theoretically recognized. Thus, electrode biasing has contributed significantly to the understanding of the H-mode phenomenon and the effect of E r on plasma transport. Furthermore, the influence of the E r -profile on the L-H transition and on the reduction of transport confirms that turbulence is the main cause of energy and particle losses.
The observed particle transport reduction has been attributed to equilibrium shear flow that decorrelates the turbulence, and it is an experimental fact that shear is coincident with spectral broadening and transport reduction. 5, 7 This early work on the tokamak motivated the idea that shearing of turbulent eddies by the E ϫ B flow velocity is a universal mechanism for stabilizing and decorrelating turbulence in plasmas, as discussed in Refs. [18] [19] [20] [21] [22] . In these references, this mechanism is implemented by invoking a passive scalar ion density, and a reduced diffusion coefficient is obtained by a renormalized turbulence theory that is akin to quasilinear theory. Such a theory requires resonance overlap and the concomitant destruction of invariant surfaces, which is a reasonable assumption in regions with high shear. However, when the shear flattens, quasilinear theory may not be applicable and wave dynamical effects may dominate. Recent experiments in the large plasma device ͑LAPD͒, in its long ͑17 cm͒ cylindrical plasma, with biasing to control E r , show a density transport barrier forming where the shear vanishes, in the case where drift waves are active. 23 This is in agreement with barriers to transport that are observed in rotating fluid experiments at the shearless point of zonal flows. 24, 25 In other experiments on the LAPD, where the KelvinHelmholtz instability is active, barriers are not seen near strong shear flow regions, but again appear where the shear is flattened. 23 Thus, it is important to investigate the role of drift-wave dynamics, 26 in addition to broadband turbulence, on transport. The objective of this paper is to investigate particle transport by drift waves propagating in the plasma edge of tokamaks with E ϫ B poloidal flow. A simple Hamiltonian theory with chaotic dynamics is proposed and used to interpret transport data. The Hamiltonian theory has two important features that affect the transport, one that facilitates and one that inhibits. The first feature occurs when the electric field at the edge gives rise to an E ϫ B velocity that matches the phase velocity of one of the drift waves. When this resonance occurs, the equilibrium electric field is dwarfed by that of the drift wave and a grid of convective cells or island structures is produced that locally traps particles. Such a phase space configuration is structurally unstable to perturbation; for example, if another drift wave is added large scale chaotic transport ensues.
The second feature occurs for equilibrium electric field profiles that are not monotonic, as is the case with zonal flows. When this occurs, the Hamiltonian system violates a condition known as the twist condition, 27 because there is a point of vanishing flow shear. It was demonstrated in a sequence of works 24, 25, [28] [29] [30] [31] [32] In Sec. III, we study the influence of the radial electric field profile on the convective cells and transport barriers created by the nonlinear dynamical interaction between the poloidal flow and the waves. For equilibria with reverse shear flows, our results show that the particle transport can be reduced by modifying the electric field profile. In Sec. IV, we use our simple model to interpret recent tokamak experiments performed for studying the transport reduction caused when a biased electrode is inserted into the plasma edge region. Parameters for equilibrium and fluctuating electric field radial profiles are extracted from Tokamak Chauffage Alfvén Brésilien ͑TCABR͒ data, 43 and the model thus obtained is used to calculate transport during standard Ohmic and improved confinement regimes obtained in this tokamak by biasing. A good prediction for the bias voltage necessary for improved confinement is obtained, a prediction consistent with the existence of robust tori. Finally, in Sec. V, we summarize our results and discuss possible limitations.
II. DRIFT WAVE DRIVEN TRANSPORT
In this section we investigate particle transport induced by electrostatic waves propagating in the poloidal direction in a magnetized plasma with a constant toroidal magnetic field B = B 0 ê z . The drift velocity of the guiding centers is given by v = E ϫ B / B 2 . We assume particles move at this velocity; consequently they satisfy
where E =−ٌ͑x , y , t͒. Defining H͑x , y , t͒ = / B 0 , and identifying x as the canonical momentum and y as its conjugate coordinate, we see Eq. ͑1͒ is a Hamiltonian system. Consistent with the simplicity of our model, it is not unreasonable to assume Cartesian coordinates, which are more justified for large aspect ratio tokamaks. We identify x and y as the radial and poloidal coordinates, respectively. We posit an electrostatic potential of the form 26 ͑x,y,t͒
which is composed of a background equilibrium electrostatic potential, 0 ͑x͒, with the superposition of a collection of drift waves propagating in the poloidal direction. Neglecting the drift waves, the flow velocity in the poloidal direction is represented by
which we will assume is perturbed by two drift waves, the minimum number necessary for chaos. It is convenient to boost to a frame rotating in the poloidal direction at the phase velocity of one of the waves, and this is achieved by the following canonical transformation:
where the generating F 2 ͑xЈ , y , t͒ = xЈ͑y − u 1 t͒ with u 1 = 1 / k y1 being the phase velocity of the first wave. In the new coordinates ͑omitting the primes͒ the Hamiltonian becomes
where u = 2 / k y2 − 1 / k y1 is the phase velocity difference between the two waves. If only one wave is present ͑A 2 =0͒, the Hamiltonian is
and the system is integrable; there is no chaos in the phase space and particles are confined to curves of constant H 1 . In the case of constant electric field, there is only a single relevant dimensionless parameter, the trapping parameter U ϳ v E − u 1 . 26, 40, 42 This name derives from the fact that when the trapping parameter vanishes there is a resonance effect because the wave phase velocity matches the background drift velocity, the first feature alluded to in Sec. I. This reso-nance then opens the grid of islands that traps orbits. The system with U ϵ 0 has no shear and is an example of a no twist ͑distinct from nontwist͒ Hamiltonian system.
Because we are also interested in electric fields that have spatial variation we will refer to the trapping profile defined by
where again A 1 , k x1 , and u 1 are the peak-to-peak amplitude in V, the radial wave number in m −1 , and phase velocity in m / s of the dominant edge mode, v E ͑x͒ is the radial profile of the poloidal flow velocity from the E r radial electric field and B 0 the toroidal field is in T.
Experiments have shown that the plasma edge transport is high when the condition U ϳ 0 is satisfied. 7 We show in the next section that the trapping profile is important for characterizing the behavior of phase space and, consequently, the radial transport of particles. When a shearless point exists, a point where UЈ = 0, then we have a nontwist Hamiltonian system with the second feature alluded to in Sec. I, and we expect the appearance of robust tori or sticky regions in its vicinity.
The onset of chaos in the phase space takes place when the second wave is added. The existence of transport will be confirmed by calculating the diffusion coefficient from the orbits. For the calculation of the finite time local diffusion coefficient we consider the nondimensional equation of the following form:
which is related to the diffusion coefficient, measured in m 2 / s, by
where r 0 is the plasma radius in m, E 0 is the equilibrium electric field in V / m, and B 0 is the magnetic field in T. A more effective transport estimate would require a global description of turbulence as considered, for example in Ref. 44 .
III. SHEAR FLOW AND TRANSPORT
In this section we analyze both constant and variable U. First, suppose the equilibrium electrostatic potential at the plasma edge is linear, 39,42 0 ͑x͒ =−E 0 x + const, where E 0 is the uniform equilibrium electric field. Understanding the phase space of this linear potential is important for later consideration of nonuniform trapping profiles. Thus, the trapping parameter is given by U =−͑E 0 + u 1 B 0 ͒ / A 1 k x1 . Because the aim of this work is to study the effect of the electric field on radial transport, we fix all parameters except E 0 and suppose this quantity is responsible for changes in U.
In Fig. 1 , the phase space is shown for three different values of the trapping parameter for a single wave, i.e., A 2 = 0. Figure 1͑a͒ depicts the flow configuration for U =0, where it is seen that a grid of islands or convective cells covers all of phase space. Each basic unit cell has two hyperbolic points and two elliptic points. Notice that there are separatrix lines in the vertical and horizontal directions, and one expects that a slight perturbation of these will allow particles to move large distances in both the poloidal and radial directions.
In Fig. 1͑b͒ , U = 0.5 and the phase space is composed of islands and open flow lines that correspond to particles circulating around the torus in the poloidal direction. Thus, some particles circulate around the elliptic points, while others make complete circuits in the poloidal direction. Upon increasing the electric field magnitude so U = 1.5, we see in 
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Reduction of chaotic particle transport… Phys. Plasmas 15, 112304 ͑2008͒ Figure 2 shows surfaces of section that depict how the addition of the second wave changes the phase space for the three cases considered in Fig. 1 , building upon the earlier work of Refs. 41, 42, and 45. We suppose the second wave appears with the ratio of amplitudes given by A 2 / A 1 = 0.1 and we strobe at the period of the second wave. Figure 2͑a͒ shows how the transport depends on the grid of the first wave islands and the second wave amplitude. Upon comparison to Figs. 2͑b͒ and 2͑c͒ , observe that the chaos is more widespread for Fig. 2͑a͒ , where U = 0, the separatrices opening up into chaotic channels, and orbits are able to traverse large distances in phase space. The second wave allows particles to move within the separatrix regions and then jump one or more cells until being temporarily trapped in the vicinity of another elliptic point. Thus, the transport is characterized by both trapping and flight events ͑see, e.g., Ref. 28͒.
When U = 0.5, Fig. 2͑b͒ , we see that the chaos is for the most part localized. The open flow lines widen, but there is no net transport in the radial direction. Similarly, for U = 1.5, Fig. 2͑c͒ , particles are seen to move on open flow lines in poloidal circuits.
To understand the significance of the trapping parameter for transport, with the presence of the second wave, we calculated the diffusion coefficient ͗D x ͘ as a function of U for different values of the ratio A 2 / A 1 . Examination of Fig. 3 near U = 0 shows that the transport is clearly highest for this trapping parameter value, increases and becomes broader for augmenting A 2 / A 1 , and diminishes for larger values of ͉U͉.
For larger values of ͉U͉, barriers exist and in actual fact the net global radial transport must be identically zero. The diffusion dependence on U is a dynamical consequence of the resonant waves propagating with phase velocity near the plasma flow velocity ͑U ϳ 0͒. In fact, the observed particle trapping regions, described as barriers, increase with ͉U͉. Figure 3 shows that the diffusion coefficients drops drastically away from resonance. Thus, from the present model one expects high diffusion for resonant waves. However, if the resonance condition is not fulfilled, other effects may be dominant. The presence of a barrier for ͉U ͉ ജ 1 is another dynamical effect that inhibits the diffusion. Diffusion also depends on the resonant radial wavenumber. As the trapping parameter U is proportional to the inverse of the resonance radial wave number ͓cf. Eq. ͑6͔͒, its values are high for large radial structures ͑with small wave numbers͒ and, consequently, the contribution of these structures to the resonant The numerical simulation shows that the radial transport is largest for U = 0, increases with A 2 / A 1 , and decreases with increasing ͉U͉.
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Phys. Plasmas 15, 112304 ͑2008͒ transport considered in this work is lower than the small structure contribution. For the small tokamak TBR, 46 measurements obtained with electrostatic probes show that the potential at the plasma edge is almost linear. Experimental power spectrum analysis of TBR data 47 suggests a frequency of 30 kHz for the first wave and 18 kHz for the second. 48 Also, data suggest that A 2 / A 1 Ϸ 0.8 and U Ϸ 0. With these choices, the estimated diffusion coefficient is D ϳ 2.0 m 2 / s, 49 which is in order of magnitude agreement with the diffusion coefficient of D = 0.5 m 2 / s measured in TBR. 50 This is reasonable agreement between the model and the experimental data, given that the model is limited to only resonant chaotic transport.
In other tokamak discharges, in particular, the ones considered in the next section, the electrostatic potential at the plasma edge is not a linear function. Thus, we consider the following form for the radial dependence of the potential:
and consequently, the trapping profile is given by
For this profile, there exists a shearless point and, therefore, the system with the Hamiltonian H 1 of Eq. ͑5͒ is a nontwist Hamiltonian system. The same holds true for the system with Hamiltonian H of Eq. ͑4͒ provided the second wave is a perturbation. Because of the existence of the extremal point, the system without the presence of the waves corresponds to a pure zonal flow with only the open flow lines. Thus, as discussed in Sec. I, when the waves are included, we expect the appearance of regions with robust tori that provide barriers to transport. It is important to distinguish the two features of our discussion. The resonance feature occurs when U = 0, while the nontwist feature occurs when UЈ = 0 and U 0. However, there is also a degenerate case where both UЈ = 0 and U =0, which we will not discuss in detail. Figure 4 depicts the curves of constant H 1 . Notice that all three configurations presented in Fig. 1 occur here but in different regions of the same phase space. The trapping profile U is plotted on the right-hand side for particular values of the parameters A, B, and C, and this can be used to explain the behavior in the different regions. Islands occur near the edge, x Ϸ 1, a region where the trapping profile is small near UЈ = 0. In this case, the grid of islands dominates over the robust tori and one expects particle transport to be high at the edge when the second wave is added.
With the connection between the trapping parameter U and the electric field in mind, we change the values of A, B, and C, in such a way that the maximum of the trapping profile reaches U max = 0.8. This is enough to change the configuration of the phase space, as can be seen in Fig. 5 . With these parameter values, islands appear inside the plasma ͑x Ͻ 1͒. At the plasma edge ͑x =1͒, there are only the open flow lines corresponding to circulating poloidal flow. As a consequence, we expect the presence of robust tori when the second wave is added, and, concomitantly, diminished chaotic transport at the plasma edge in the vicinity of the shearless point.
In Fig. 6͑a͒ , the single-wave phase space is depicted with parameter values giving rise to barriers near the shearless point at x = 1.0, which occur for a trapping profile that has a maximum value of U max = 1.3. These barriers describe a zonal flow of circulating particles. When the second wave is added, Fig. 6͑b͒ , the transport depends on both the grid structure of the first wave and the second wave amplitude. The zonal flow barriers, particles above ͓top set of curves ͑red online͔͒ and below ͓bottom set of curves ͑blue online͔͒ the zonal flow ͓middle set of curves ͑green online͔͒ do not intermix because of the robust tori, despite the appearance of chaos. Particles at the edge circulate in the poloidal direction with no net radial transport. 
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IV. CHANGING THE E r -PROFILE IN TCABR
Of the different methods developed to perturb tokamak plasmas, the insertion of a biased electrode is one that acts directly on the radial electric field at the plasma edge. In Sec. III, we described how different phase space configurations arise from different electric field profiles, and the relationship between phase structure and radial transport. Without prior knowledge of the specifics of the bias field in the experimental results, we applied the model described above to both biased and unbiased discharges of the tokamak TCABR and predicted a value of the bias voltage that turned out to be close to the voltage observed for the onset of reduced transport from the turbulence.
Our first task is to extract from TCABR data the phase velocity of the first ͑dominant͒ wave. To do this we use measurements obtained by a set of two Langmuir probes separated in the poloidal direction by 0.4 cm, 11 and the power spectrum is obtained with this two point probe technique. 51 The result for r = 18 cm, which is the radius of the plasma edge, is depicted in Fig. 7 , where the spectrum is plotted as a function of frequency and wavenumber. As can be seen, the frequency range is large, but a peak occurs for a frequency of about f 1 = 20 kHz and poloidal wavenumber of about k y1 = 0.3 cm −1 . We take these values for our first wave. To determine the parameters A, B, C, D of Eq. ͑9͒, we use probe measurements of mean values of the floating potential for 57 shots in TCABR at several radial positions near the plasma edge and scrap-off layer regions. This was done for both simple Ohmic discharges and discharges with a biased electrode. The confinement improvement due to edge biasing in TCABR was described in Ref. 11. In Fig. 8 , results for both Ohmic discharges ͑continuous green͒ and the biased discharges ͑dashed blue͒ are shown. Each point of the figure is obtained from an average over several similar shots. The error bars measure the expected uncertainty in the average values. Continuous curves are fit to the data to determine the parameter values. Notice that because the plasma edge is located at r = 18 cm, the Ohmic discharges have a monotonic profile within the plasma near the edge.
With the parameter values for the potential and first wave in hand, we can plot the phase space energy curves corresponding to the Hamiltonian H 1 . This is done in Fig. 9 for Ohmic discharges where, as in Sec. III, we plot the trapping profile on the right. Here, x is measured in units of the plasma radius, so x = 1 corresponds to the plasma edge. In this figure it is seen that U max = 1.17 and this occurs outside the plasma at x = 1.05. Thus, as noted above, the electrostatic potential is monotonic and nearly linear inside the plasma.
In Fig. 10 , we plot the curves of constant H 1 for the biased discharges. Observe that U max = 1.61 occurs right at the plasma edge, x = 1.0, and consequently there are open flow lines just inside the plasma. We expect some of these lines to survive when the second wave is added, i.e., we credit the improved confinement to the presence of the robust tori of the nontwist Hamiltonian system in the shearless region.
Measurements on tokamaks 5, 7 show that the mean wave phase velocity is close to the drift velocity v E , indicating that U ϳ v E − u 1 ϳ 0. Employing this result, we first obtain an estimate for the potential in TCABR for unbiased discharges. Using the TCABR parameters of f 1 = 20 kHz, k y1 = 0.3 cm −1 , the phase wave velocity u 1 =2f 1 / k y1 Х 4.2 km/ s. Also, in the TCABR experiments under consideration B 0 = 1.1 T. Using E = ⌬ 0 / ⌬x, we obtain ⌬ 0 = u 1 B 0 ⌬x for the potential difference between two points separated by ⌬x at the resonance condition observed at the plasma edge, consistent with the profiles of Figs. 8 and 9 . Now we estimate the electrostatic electrode potential that is necessary to create barriers, i.e., to create robust tori near the shearless point near the plasma boundary. For biased discharges, the potential 0 that occurs in Eq. ͑6͒ is taken to be the sum of the unbiased potential 0 and the potential difference, ⌬V, of the electrode relative to the grounded limiter. When the plasma is biased, the electrode is located inside the plasma at a position ⌬x = 1.5 cm from the limiter. Thus, the relevant trapping profile is
Because the plasma tends to select d 0 / dx − u 1 B 0 Ϸ 0, we obtain
Setting U = 1 and using A 1 = 50 V, a value extracted from the power spectrum data, and k x1 ϳ 5k y1 , a typical value for the scale of variation in the radial direction, we obtain ⌬V = 120 V. Experimental results, obtained independently from our calculations, show a value of the bias potential needed for significantly reducing transport to be in the range of 80-100 V, in good agreement with our estimate. This can be seen in Fig. 11 that shows the time profiles of fluctuating ion saturation current at the SOL ͑r / a = 1.05͒ in four similar discharges with different bias rise times. This figure suggests that these fluctuations decrease as soon as a bias voltage threshold of about 100 V is reached. The reduction of the ion saturation current at the SOL is evidence for the barrier formation due to the biasing in TCABR. 11 We interpret the 120 V shift by appealing to Fig. 10 . At this bias voltage, phase space looks as in this figure, with robust tori that act as barriers to transport lying inside the plasma edge. The bias potential displaces inward the resonant islands that occur for U Ϸ 0, and this, we suggest, is enough to reduce the radial transport.
In Fig. 12 we present experimental results that show the enhancement of the theoretically predicted barriers created when ͉U͉ ജ 1. This figure depicts the E-spectral contribution to the radial transport driven by turbulent flux in the scrapeoff layer for four similar discharges. For each of these discharges the bias was activated at a time of 70 ms, as indicated in the figure, with values of the bias potential set to 0, 90, 170, and 250 V. Figure 12͑a͒ shows the unperturbed stationary intermittent transport during the analyzed time interval without biasing. In Figs. 12͑b͒-12͑d͒ we see the transport reduction as the bias potential is increased, from 90 to 250 V, as indicated in ͑e͒. To quantify this transport reduction we compare 
112304-7
Reduction of chaotic particle transport… Phys. Plasmas 15, 112304 ͑2008͒ the time averaged transport integrated during 4 ms before and after the bias activation. The ratio between these two values are 0.6, 0.2, 0.1 for bias potentials of 90, 170, and 250 V, respectively. For bias potentials below 80 V, transport reduction is small ͑Fig. 11͒, and this lends credence to our assertion that the robust tori are responsible for the reduction.
V. CONCLUSIONS
In this paper we investigated chaotic particle transport by drift waves propagating in the edge plasma of tokamaks with poloidal zonal flow, by means of a Hamiltonian twowave model. For a sheared flow with a nonuniform electric field, we described how the local particle transport changes as a function of radial position, and we showed how a modification of the radial electric field profile can be used to control transport. The trapping profile U was seen to characterize the confinement type, and that nonmonotonic profiles give rise to robust tori that inhibit transport. We investigated the dependence of transport on the amplitudes of the drift waves for given frequencies, wavenumbers, and radial electric field profiles.
For a linear electrostatic potential we obtained the diffusion coefficient for the Brazilian tokamak TBR in reasonable agreement with experimental data, lending evidence that the drift waves are important for particle transport. Furthermore, we proposed that robust tori are responsible for the transport reduction in the TCABR tokamak when a biased electrode is at the plasma edge, and this led to a good prediction for the bias voltage of the electrode.
There are many limitations of our model with simple drift wave physics and simple geometry. Chaotic advection in specified wave fields neglects the self-consistency of real turbulence, which might be expected to increase transport. However, this is not entirely clear because in some systems self-consistency can actually reduce the effective number of degrees of freedom 52 and therefore reduce transport. The extraction of the two waves to model the observed spectrum is another limitation-a more complete model would include waves together with broadband turbulence. With a spectrum of waves, robust tori are no longer absolute barriers, however one expects that their presence or their remnants will still inhibit transport. So, obviously more work is required to firmly establish that this simple model actually captures the key physics of the transition from the low to high confinement states of the plasma. However, the results obtained are surprisingly good, being better than order of magnitude accurate, and it may just be that we have captured the dominant effects.
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